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ABSTRACT: A fundamental understanding of the expansion kinetics of expandable polystyrene (EPS) is crucial for the design and

optimization of processes for EPS-filled syntactic foams. In this study, a general formulation was developed to model EPS expansion.

A semi-analytical solution was obtained on the basis of the case of a single bubble expansion in an infinite matrix. The dimensionless

bubble radius and pressure were defined and found to be exponential functions of the dimensionless expansion time. The characteris-

tic bubble expansion time was able to characterize the timescale of the expansion process. The semi-analytical solution could qualita-

tively predict the radial expansion of the EPS microsphere observed in a real-time experiment. To obtain an accurate prediction, a

numerical solution was obtained to the model that coupled the nucleation and expansion of multiple bubbles in a finite matrix at

various temperatures. The results show that the numerical solution was able to quantitatively predict the radial expansion of EPS. A

parameter sensitivity study was performed to examine the effect of each parameter over the expansion process. VC 2016 Wiley Periodicals,

Inc. J. Appl. Polym. Sci. 2016, 133, 43886.
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INTRODUCTION

Expandable polystyrene (EPS) is small-diameter polystyrene

microsphere containing a physical blowing agent, usually pen-

tane or butane. Solid EPS microspheres can be expanded into

foams with closed-cell structures when they are exposed to ele-

vated temperatures. They are the raw materials used to produce

polystyrene foams that are widely used in areas such as packag-

ing, construction, automobile, and marine.1–4 Despite only a

few reports, EPS-filled syntactic foam has attracted increasing

attention as it has shown a high potential for becoming a novel

class of engineering materials. Syntactic foams containing

expanded EPS microspheres have a low density with a high

strength-to-weight ratio and are effectively toughened to

increase crack resistance.4–6 These appealing features enable

them to serve well as lightweight structural materials and float-

ing devices.7 However, conventional methods for processing

EPS-filled syntactic foams usually suffer from difficulties such as

poor processability, limited choices of matrix materials, low

loading of fillers, and ineffective expansion of EPS.

In a previous study, we designed and developed a microwave

expansion process to address these emerging issues in the pro-

duction of EPS-filled syntactic foams.8 In this process, unex-

panded EPS microspheres were distributed and then directly

foamed in an uncured thermosetting matrix with microwave

heating. This process design was demonstrated with the capabil-

ity of effectively expanding highly loaded EPS microspheres.

The microwave expansion process was later extended to produce

composite polystyrene foams with a unique honeycomb-like

structure.9 The mechanical strength and fire resistance of the

composite foams were found to be considerably improved com-

pared with those made of pristine polystyrene. To optimize the

microwave expansion process, a further understanding of the

fundamental aspect of this process is highly desired. We need to

establish a model that can simulate the core part of the process,

the expansion of the EPS microsphere, because kinetic parame-

ters related to bubble nucleation and growth cannot be meas-

ured easily by experimental methods.

A number of modeling efforts have been made to simulate

foaming processes involved with physical blowing agents in

polymer melts. The existing methods include but are not lim-

ited to the single bubble model,10–12 cell model,13–15 influence

volume analysis,16–20 level set method,21,22 and biphase contin-

uum approach.23,24 However, these models cannot be directly

applied to the EPS expansion process because they almost exclu-

sively focus on foaming processes triggered by a sudden

decrease in the system pressure. The expansion of EPS, on the

other hand, is started by the heating of the system to the expan-

sion temperature. Moreover, the methods mentioned previously

usually only simulate the formation of the cell microstructure

but do not take the geometry of the foamed plastics into con-

sideration. However, the geometry of the EPS microsphere must
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be considered. This is because the shape and size of the foamed

EPS directly impact the morphology and properties of the

resulting foam. Another process similar to EPS expansion is the

bubble growth of vapor in boiling water. This happens when

water is heated to boiling temperature and small air bubbles

that are dissolved or adhered to impurities quickly grow and

collapse. Existing efforts to model this water boiling process

usually have not considered the diffusion of vapor into the

expanding bubbles because it plays a minor role.25,26 However,

gas diffusion cannot be neglected in the modeling of EPS

microspheres because it is directly related to the nucleation and

expansion of bubbles.

In this study, a general formulation was developed to assist in

furthering the understanding of the basics of the expansion pro-

cess of the EPS microsphere. A semi-analytical solution was first

obtained to provide a relatively simple tool for understanding

and optimizing the expansion process. Dimensionless groups

and characteristic parameters were defined. They were then

used to analyze the modeling results. To obtain an accurate pre-

diction of EPS expansion, a numerical solution to the model

that coupled the nucleation and expansion of multiple bubbles

in a finite matrix was subsequently developed. The kinetics and

temperature dependence of EPS expansion from the numerical

solution were studied and compared with those from the semi-

analytical solution. Finally, a parameter sensitivity study was

performed to examine the effect of each parameter on the

expansion process.

EXPERIMENTAL

Materials

Cup-grade unexpanded EPS microspheres (DYLITE F271T,

Nova Chemicals Corp., Moon Township, PA) were used in this

study. The unexpanded EPS contained approximately 5.6% w/w

pentane and had an average diameter of 388.6 6 17.8 lm.

Characterization

The rheological properties of polystyrene in EPS were character-

ized on a controlled-stress rotational rheometer with parallel

steel plates 21 mm in diameter (model Thermo Mars II,

Thermo Fisher Scientific, Inc., Waltham, MA). The polystyrene

was obtained directly from the EPS microspheres used in this

study after a vacuum degassing process was performed to

remove the pentane inside.

The radial expansion of the EPS microspheres as a function of

time was recorded in real time by a hot stage (model T95-HS,

Linkam Scientific Instruments, Ltd., United Kingdom) mounted

on an Olympus BX51 optical microscope installed with an

Olympus UC30 digital camera (Olympus Corp. of the Americas,

Center Valley, PA). The hot stage was designed to be placed in a

container that could be sealed and whose temperature could be

accurately controlled by a temperature controller produced by

the hot-stage manufacturer. After the EPS microspheres were

put onto the hot stage, the container was closed, and its tem-

perature was quickly raised to the expansion temperature.

Images of the EPS microspheres were then taken at very short

intervals by the camera. The diameter of each of the EPS micro-

spheres as a function of time was obtained with Olympus

Stream Image Analysis Software through the measurement of

the axis length across the sphere center. We then calculated the

average microsphere radius by halving the number-average

diameter.

MODEL DEVELOPMENT

General Formulation

Before the expansion, the EPS microspheres were stored at

room temperature or at lower temperatures to keep the pen-

tane/polystyrene solution in a stable state. When the micro-

spheres were heated to the expansion temperature, the solution

became supersaturated because of a decrease in the pentane sol-

ubility. To minimize the free energy of the system, bubble

nucleation was begun. The continuous expansion of bubbles

was driven by the difference between the bubble pressure (Pb)

and the ambient pressure (Pa). During the expansion of old

bubbles, new bubbles were simultaneously nucleated. The termi-

nation of the expansion of individual bubbles was reached

when Pb, Pa, and the matrix surface stress are balanced. Because

the expansion temperature of EPS is usually lower than that of

other plastic foaming processes [this results in a higher matrix

viscosity (h) and a smaller expansion pressure difference], the

bubble rupture plays a minor role and, for simplicity, was

assumed to be negligible in this study.

A scheme that illustrates the growth of bubbles in the matrix

during the EPS expansion process is shown in Figure 1. The

bubble radius is defined as R(t,t0) and represents the radius at

time t of the bubble nucleated at time t0 (the bubble nucleation

time). The bubble pressure at time t of the bubble nucleated at

t0 is expressed as Pb(t,t0). The average pentane concentration in

the EPS matrix at t0 is defined as c (t0). Before expansion, c (t0)

was equal to the initial pentane concentration (c0). The EPS

matrix had a surface tension of r and a viscosity of h. When

t 5 0, the bubble had an initial radius of R0 and an initial bub-

ble pressure of Pb0.

The bubble was assumed to remain in a spherical shape during

the expansion. Then, a spherical coordinate system could be

established in each bubble with the coordinate origin fixed at

the center of the sphere. The continuity equation of the bubble

Figure 1. Scheme of bubble growth in an EPS matrix.
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with the boundary condition mrjr5R5 oR
ot

could be written as

follows:

mr 5
R2

r2

oR

ot
(1)

where R is bubble radius, r is radial distance in the spherical

coordinate system in single bubble, and mR is the bubble

expanding velocity in rr direction when r 5 R.

Because the viscosity of the polystyrene matrix was very high

during EPS expansion, the effects of gravity and inertia could

be neglected.27 Therefore, the equation of motion in the radial

direction is written as follows:

0 5 2
oP

or
1

osrr

or
1

2ðsrr2suuÞ
r

(2)

where srr is the principle stress in rr direction and suu is the

principle stress in uu direction.

By integrating both sides and substituting the Young–Laplace

equation for a spherical bubble and eq. (1) into eq. (2), one can

then obtain the following:

0 5 2
2r
R

1Pb2Pa12

ð1
R

ðsrr2suuÞ
r

dr (3)

Equation (3) is the governing equation that couples the

momentum and mass conservations in the bubble expansion.

At the bubble surface, the diffusion of pentane molecules into

the bubble can be expressed as follows:

dng

dt
5 4pDR2oc

or

����
r 5 R

(4)

where D is the diffusion coefficient of pentane in polystyrene, c

is the pentane concentration, and ng is mole number of pentane

molecules in the bubble is calculated by the ideal gas law:

ng 5
PbVb

<T
5

4pR3Pb

3<T

where T is the temperature of the bubble.

The left hand of eq. (4) represents the changing rate of the

molar number of pentane molecules in the bubble and the right

hand is the diffusion of pentane from matrix to the bubble.

Therefore, eq. (4) can be reorganized as follows:

R
dPb

dt
13Pb

dR

dt
5 3D<T

oc

or
jr 5 R (5)

Equation (5) is the governing equation that considers the mass

balance in the pentane transfer.

In this model, thermal effects are considered to be of negligible

importance because the condition of EPS expansion is isother-

mal.28 Moreover, because it usually takes only several seconds to

fully expand the EPS microspheres, the loss of pentane to the

surroundings is not taken into consideration.

Semi-Analytical Solution

To obtain a semi-analytical solution to the model developed

previously, the bubble is assumed to expand in an infinite EPS

matrix of which h is constant, and the pentane diffusion

through the bubble surface is not considered.

On the basis of these simplifications, eq. (3) can be rewritten as

follows:

Pb2Pa2
2r
R

2
4h

R

oR

ot
5 0 (6)

Here, several dimensionless groups, including the dimensionless

bubble radius (R*), dimensionless bubble pressure (P�b ), and

dimensionless expansion time (t*) are defined, namely

R�5
R Pb02Pað Þ

2r
(7)

P�b 5
Pb2Pa

Pb02Pa

(8)

t�5
t Pb02Pað Þ

4h
(9)

With these dimensionless groups, eq. (6) can be rewritten as

follows:

dR�

dt�
5 P�b R�21 (10)

The characteristic bubble expansion time (tc) and characteristic

bubble radius (Rc) are found to be

tc 5
4h

Pb02Pa

(11)

Rc 5
2r

Pb02Pa

(12)

According to the ideal gas law, Pb can be correlated with the

bubble radius as follows:

Pb 5
Pb0R3

0

R3
(13)

The bubble radius can be then numerically solved by the substi-

tution of eq. (13) back to eq. (6). The constants used are given

in Table I.29,30

To model the expansion process of the EPS microsphere, a bub-

ble nucleation mechanism should have been introduced. How-

ever, as pentane diffusion was not considered, existing

diffusion-based nucleation theories could not be adopted.

Because experiments have shown that nucleation often under-

goes an exponential decay, the nucleation rate was assumed to

follow an exponential law31:

J t 0ð Þ5 N1exp 2
t 0

N2

� �
(14)

where J(t0) is the bubble nucleation rate as a function of t0, N1

is a pre-exponential constant (7.5 3 1014 s21 m23), and N2 is a

nucleation time constant (0.45 s). The number of bubbles could

be calculated through the integration of J(t0) from 0 to t0.
Therefore, the EPS radius R̂ðtÞ can be calculated by the follow-

ing expression:

R̂ðt 0Þ5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R̂

3

01V0

ðt 0
0

J t 0ð ÞR3 t ; t 0ð Þdt
3

vuuut (15)

where R̂0 is the initial radius of the EPS microsphere and V0 is

the initial volume of the EPS microsphere.
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Numerical Solution

In the aforementioned study, the model was simplified to obtain

a semi-analytical solution based on a single bubble growth in

an infinite matrix. It has been found that the semi-analytical

solution can only qualitatively predict the radial expansion of

EPS. Detailed results are shown in the Results and Discussion

section. To more accurately predict the expansion of EPS, we

developed a numerical solution on the basis of the nucleation

and expansion of multiple bubbles in a finite matrix at various

temperatures considering the diffusion of pentane.

A classical heterogeneous nucleation theory was applied to

describe the bubble nucleation process of EPS expansion.32 The

nucleation rate was modeled as follows:

J t 0ð Þ5 f0�c

ffiffiffiffiffiffiffiffiffiffiffiffi
2rN 3

A

pMw

s
exp 2

DEF

kBT

� �
(16)

where f0 is the Zeldovich correction factor, NA is Avogadro’s

number, Mw is the molecular weight of pentane, F is the free-

energy barrier correction factor, DE is the free energy barrier,

Table I. Summary of the Constants and Characteristic Parameters in the Semi-Analytical Solution

Expansion temperature h (3105 Pa s) r (N/m) Pb0 (3105 Pa) tc (s) Rc (31028 m)

130 8C 3.02 0.034 11.04 1.200 6.53

140 8C 1.33 0.033 13.31 0.43 5.21

150 8C 0.61 0.032 15.92 0.16 4.20

Figure 2. (A) Power law model fit to polystyrene viscosity as a function of the shear rate at 190 8C. (B) Andrade–Eyring model fit to the power law

model h0 as a function of the temperature. (C) Linear fit to the power law model index as a function of the temperature. (D) Predicted polystyrene vis-

cosity as a function of the shear rate at 140 8C.
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and kB is Boltzmann’s constant. The number of bubbles can be

calculated through the integration of J(t0) from 0 to t0.

DE is expressed as follows:

DE 5
16pr3

3 Pb02Pað Þ2
(17)

where r can be expressed by the following semi-empirical

equation33:

r 5 4:073102227:231025 T2293ð Þ
� �

� N �m21 (18)

The temperature dependence of the saturated pentane

pressure (Pb0) was calculated with the generalized Wagner

model30:

ln Pb0 5 ln Pc
b01

T c

T
c1s1c1:5s

1:51c2s
21c3s

31c4s
4

� 	
(19)

where Pb0
c is the critical saturated pressure of pentane, Tc is the

critical temperature, and s is a reduced temperature that can be

expressed as follows:

s 5 12
T

T c
(20)

Because the pentane only occupied approximately a 5.6%

weight fraction in EPS, it was reasonable to assume that the

rheological behavior of the polystyrene represented that of the

pentane/polystyrene solution. As shown in Figure 2(A), the vis-

cosity of polystyrene as a function of the shear rate could be fit-

ted well by a power law model34:

Table II. Summary of the Constants in the Numerical Solution

Symbol Value Units

Ambient pressure Pa 1.01 3 105 Pa

Critical saturated pressure of pentane Pb0c 3.37 3 106 Pa

Critical temperature Tc 469.7 K

Generalized Wagner equation constants c1 27.349492 —

c1.5 2.382017 —

c2 22.176618 —

c3 0.891296 —

c4 23.841503 —

Zeldovich correction factor f0 3.15 3 10222 —

Free-energy barrier correction factor F 6.74 3 1025 —

Power law model index n 0.852 —

Andrade–Eyring model pre-exponent constant K 5.11 3 10210 Pa/s

Andrade–Eyring model activation energy Eh 1.14 3 105 J/mol

Diffusion coefficient pre-exponent constant D0 2.42 3 1011 m2/s

Diffusion activation energy ED 1.59 3 105 J/mol

Initial pentane concentration c0 7.04 3 102 mol/m3

Diffusion radius correlation constant b 1.842 —

Henry’s solubility constant kH 7.8 3 1029 Pa mol21 m23

Figure 3. (A) Bubble radius and (B) Pb as a function of the expansion bubble time in the semi-analytical solution.
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s 5 h0j
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2
j _g : _g jn21

r
_g (21)

where n is the power law index and h0 is the pre-exponent

coefficient, s is shear stress tensor and _g is the shear rate

tensor. With eq. (1), the second invariant in the power law

model can be written as follows:

1

2
_g : _g 5 12

R2

r3

oR

ot

� �2

A detailed derivation process of eq. (21) is shown in Ref. 35.

Then, through the substitution of eq. (21) into eq. (3), the fol-

lowing equation can be obtained:

Pb2Pa2
2r
R

2
4h0

n
2
ffiffiffi
3
p
 �n21

R2 oR

ot

� �n
1

R3n
5 0 (22)

As shown in Figure 2(B), the temperature dependence of h0 can

be approximated with the Andrade–Eyring model27:

h0 5 Kexp
Eh

<T

� �
(23)

where K is the Andrade–Eyring model pre-exponent constant,

Eh is the Andrade–Eyring model activation energy, and < is the

universal gas constant. n at different temperatures was found to

be approximately 0.852 [Figure 2(C)]. Therefore, the tempera-

ture dependence of the rheological behavior of polystyrene was

obtained. The predicted polystyrene viscosity as a function of

the shear rate at 140 8C is shown in Figure 2(D).

When we assumed that pentane followed Henry’s law,36 the gas

concentration profile at the surface of a bubble could be

expressed as follows:

oc

or
jr5R 5

1

bR
�c2kH Pbð Þ (24)

where kH is Henry’s solubility constant and b is the diffusion

radius correlation constant.

The average pentane concentration (�c ) was calculated by the

following equation:

d�c

dt
5 2

4pD

b

ðt 0
0

J t 0ð ÞRð�c2PbkH Þdt 0 (25)

The temperature dependence of the diffusion coefficient (D)

was found to follow an Arrhenius equation37:

D 5 D0 exp 2
ED

<T

� �
(26)

where D0 is the diffusion coefficient pre-exponent constant and

ED is the diffusion activation energy.

We numerically solved the accurate model by coupling the gov-

erning equations developed previously. The constants in the

model are summarized in Table II.29,30,36,37

Table III. Summary of the Constants in the Exponential Fitting of R* and P�b as Functions of t* in the Semi-Analytical Solution

Expansion temperature AA1 AA2 AA3

130 8C 14.03 6 0.025 1.95 6 0.006 30.77 6 0.006

140 8C 19.93 6 0.048 2.44 6 0.009 41.48 6 0.008

150 8C 27.78 6 0.110 2.92 6 0.018 54.91 6 0.017

Expansion temperature BA1 BA2 BA3

130 8C 0.81 6 0.006 0.78 6 0.008 0.031 6 0.0005

140 8C

150 8C

Figure 4. (A) R* and (B) Pb* as a function of t* in the semi-analytical solution.
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RESULTS AND DISCUSSION

Semi-Analytical Solution

The results of bubble radius growth as a function of time are

presented in Figure 3(A). Generally, the radius of the bubble

increased very fast after the start of expansion until an equilib-

rium state was reached when Pb was equal to the sum of Pa and

the surface stress. Similar trends were also found in the change

of Pb, as presented in Figure 3(B). Pb dropped very quickly to

the equilibrium state during the expansion of bubbles.

tc is an important characteristic parameter; it is correlated with

the properties of both the matrix and the bubble. It can be used

to characterize the timescale of the expansion of bubbles. As

shown in Table I, tc decreased with increasing expansion tem-

perature. This was because a higher expansion temperature

resulted in a lower h and larger Pb0. Therefore, we further

deduced that the rates of bubble radius growth and Pb dropped

at higher temperature would be larger. This deduction was con-

firmed by the results shown in Figure 3. Another important

Figure 5. Comparison of the experimental radial growth of EPS and the

predicted growth from the semi-analytical solution at different

temperatures.

Figure 6. (A) Bubble radius as a function of the expansion time and nucleation time at 140 8C, (B) Pb as a function of the expansion time and nuclea-

tion rate at 140 8C, (C) bubble radius (with nucleation at 0.0 s) as a function of the expansion time at various temperatures, and (D) Pb (with nucleation

at 0.0 s) as a function of the expansion time at various temperatures in the numerical solution.
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characteristic parameter was Rc; we could use this to character-

ize the size of the equilibrated bubble radius. We correlated this

with the bubble surface energy and pressure difference. The for-

mer applied the resistance to the expanding bubbles, whereas

the latter was the driving force for the expansion. As presented

in Table III and Figure 3(A), with increasing Rc, the ultimate

bubble radius increased.

With the obtained bubble radius and pressure, R* and Pb* could

be calculated with eqs. (7) and (8), respectively. We found that

in a large range of temperatures, R* and Pb* were functions of

t*, according to the following exponential relations:

R�5 2AA1 exp 2
t�

AA2

� �
1AA3 (27)

P�b 5 BA1 exp 2
t�

BA2

� �
1BA3 (28)

where AAi and BAi (i 5 1, 2, and 3) are constants that are

dependent on the expansion temperature. Their values are sum-

marized in Table III. We observed that whereas the values of

AAi changed at different expansion temperatures, BAi remained

the same; this indicated that R* was more sensitive to the varia-

tion of temperature.

The fitting results are presented in Figure 4. We observed that

the growth rate of R* increased with increasing tc and reached a

larger ultimate value, which corresponded to a smaller tc and a

larger Rc. The temperature, however, had little influence over

Pb*. As the simple exponential relation of R* and Pb* can be

applied in a large range of expansion temperatures, the expan-

sion kinetics of the bubbles could thus be easily estimated, and

this could assist in the design of the process.

The radial expansion of the whole EPS microsphere could be

calculated with an exponential bubble nucleation expression.

The comparison between the experimental and modeling results

is shown in Figure 5. We observed that the semi-analytical solu-

tion was able to predict, at least at a qualitative level, the radius

growth of the expanding EPS microspheres obtained from a

real-time observation at different expansion temperatures.

Moreover, a faster expansion was obtained when tc was smaller.

However, we also found that the prediction curve had a rela-

tively larger deviation from the experimental results at a lower

temperature. This was because the semi-analytical model did

not consider the diffusion of pentane from the matrix into the

bubble. The diffusion was temperature dependent. When the

temperature was low, the diffusivity of pentane was lower. That

could explain why the semi-analytical model overpredicted the

growth of EPS microspheres at 130 8C.

This simple semi-analytical solution could be used to easily ana-

lyze the expansion kinetics of the bubbles and EPS

Figure 7. (A) R* and (B) Pb* as a function of t* in the numerical solution.

Table IV. Summary of the Constants in the Exponential Fitting of R* and Pb* as Functions of t* in the Numerical Solution

Expansion temperature AN1 AN2 AN3

130 8C 8.77 6 0.047 0.90 6 0.001 24.06 6 0.009

140 8C 12.43 6 0.075 0.88 6 0.002 31.38 6 0.013

150 8C 16.83 6 0.031 0.84 6 0.004 39.44 6 0.005

Expansion temperature BN1 BN2 BN3

130 8C 1.01 6 0.022 0.51 6 0.029 0.037 6 0.0067

140 8C

150 8C
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microspheres; this provided references to the design and optimi-

zation of the expansion process. However, such a solution can

only lead to a qualitative prediction for the actual expansion

process because several nonrealistic simplifications were

involved in the solution development. First, the bubble expan-

sion was assumed to take place in an infinite matrix. However,

the matrix is usually finite in actual cases. Second, the pentane

transfer was assumed to be neglected between the bubble and

the matrix. This was not true because, during the bubble expan-

sion, the pentane dissolved in polystyrene diffused into the bub-

ble because of the existence of a concentration gradient. For the

same reason, the existing bubble nucleation theory could not be

correlated with the semi-analytical solution. Third, the viscosity

of the EPS matrix was assumed to be constant, but it is widely

acknowledged that the polystyrene viscosity is shear-rate

dependent. Therefore, to obtain a quantitative prediction of the

actual expansion process of the EPS microspheres, the model

without these simplifications needed to be solved.

Figure 8. Comparison of the experimental radial growth of EPS and the

predicted growth from the numerical solution at different temperatures.

Figure 9. Sensitivity study of the influence of the diffusion coefficient on the (A) EPS radius, (B) bubble radius, (C) Pb, and (D) c in a pentane/polysty-

rene solution in the numerical model (expansion temperature 5 140 8C).
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Numerical Solution

To obtain the quantitative prediction of EPS expansion, a

numerical solution that coupled the nucleation and expansion

of multiple bubbles in a finite matrix at various expansion tem-

peratures was developed under the general formulation. The dif-

fusion of pentane and the rate dependence of EPS h were taken

into consideration.

The expansion kinetics of the bubble is presented in Figure 6.

As shown in Figure 6(A,B), the bubble radius grew very fast in

the initial several seconds after nucleation. Meanwhile, P�b
dropped quickly. The rates of the radius increase and pressure

decrease gradually slowed down to zero when the bubble expan-

sion reached an equilibrium state. Bubbles nucleated at different

times followed a very similar expansion pattern. The radius

growth of bubbles that were nucleated at 0.0 s as a function of

the expansion temperature is shown in Figure 6(C). A higher

growth rate of the bubble radius was reached when a higher

expansion temperature was used; this corresponded to a smaller

tc. We also noticed that with increasing expansion temperature,

the equilibrated bubble radius also increased in accordance with

the reverse changing trend of Rc. Figure 6(D) represents the

dropping rate of Pb as a function of the expansion temperature.

As shown in eq. (19), Pb0 increased with increasing expansion

temperature. The pressure dropping rate of the bubbles

nucleated at 0.0 s was also found to increase as the temperature

rose. The equilibrated Pbs at different expansion temperatures

were very similar. This was because, compared with r, Pa played

a more influential role in determining the balanced Pb.

Similar to the semi-analytical solution, R* and P�b were also

found to be as functions of t* according to the exponential

relations

R�5 2AN1 exp 2
t�

AN2

� �
1AN3 (29)

P�b 5 BN1 exp 2
t�

BN2

� �
1BN3 (30)

where ANi and BNi (i 5 1, 2, 3) are constants that are dependent

on the expansion temperature. Their values are summarized in

Figure 10. Sensitivity study of the influence of Henry’s law constant on the (A) EPS radius, (B) bubble radius, (C) Pb, and (D) c in a pentane/polysty-

rene solution in the numerical model (expansion temperature 5 140 8C).
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Table IV. As BNi remained the same in a large range of tempera-

tures, we deduced that P�b was less sensitive to the variation of

temperature. Moreover, the ANi were smaller than AAi at the same

temperature of expansion; this corresponded to a slower growth

rate of R* and a smaller equilibrated dimensionless radius. The

comparison between BNi and BAi led to a similar result. This was

because, in contrast with semi-analytical solution, the numerical

solution modeled the expansion of the bubble in a finite matrix

with the consideration of the pentane diffusion process.

The results of the dimensionless analysis on the numerical solu-

tion are also summarized in Figure 7. As shown in Figure 7(A),

we observed that a higher expansion temperature, correspond-

ing to a shorter tc and a smaller Rc, led to a larger growth rate

and equilibrated size of R*. As indicated in Table IV and shown

in Figure 7(B), the variation of the expansion temperature had

limited influence over P�b , which could be fitted by an exponen-

tial function with t* as an independent variable in a large range

of temperatures.

Figure 8 compares the experimental results of the radial expan-

sion of EPS with the predicted ones at various temperatures. In

contrast with the semi-analytical solution, the numerical solu-

tion could more quantitatively predict the experimental results

obtained from the real-time observation at each of the selected

temperatures. We observed that with increasing expansion tem-

perature, the growth rate of the EPS radius increased; this corre-

sponded to a smaller tc.

Furthermore, by comparing the prediction results between the

semi-analytical model and the numerical model, we found that the

overprediction at low temperature, which existed in the semi-

analytical model, did not happen in the solution of numerical

model. This was because in the numerical model, we considered

the diffusion of pentane from the matrix to the bubble during the

development of the formula. Not only did this influence the bubble

expansion process, as the gas diffusion was one of the major driving

forces in expansion, but this also affected the bubble nucleation

kinetics, whose rate was lowered with the decrease of the pentane

dissolved in the polystyrene. Another difference between the two

Figure 11. Sensitivity study of the influence of the power law pre-exponent constant on the (A) EPS radius, (B) bubble radius, (C) Pb, and (D) c in a

pentane/polystyrene solution in the numerical model (expansion temperature 5 140 8C).
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models was that the numerical model considered both the tempera-

ture and shear effects over the viscosity of the matrix, whereas only

the temperature influence was involved in the semi-analytical

model. This enabled the numerical model to more accurately simu-

late the growth of the bubbles. The semi-analytical model, which

required fewer parameters, was designed to provide users with a

simple tool to qualitatively and quickly examine the expansion

kinetics of EPS. This simplicity enabled the semi-analytical model

to be incorporated into a more complicated large-scale process

model, which only required reasonable accuracy. The numerical

model, on the other hand, was designed to provide a more accurate

prediction and a tool that assists in the study of expansion kinetics

and the design of the EPS system. More details are provided in the

Parameter Sensitivity Study section.

Parameter Sensitivity Study

In the numerical solution, many parameters simultaneously

influenced the modeling results. It was worth performing a sen-

sitivity study on them; we included study of the diffusion coeffi-

cient, Henry’s law constant, power law pre-exponent constant,

and c0. This was because with such a study, we could evaluate

the effect of each parameter to assist in the design and optimi-

zation of the expansion system. In the parameter sensitivity

study, whereas a set of conditions with the variation of a single

parameter was in the run. The others remain unchanged.

The results of the sensitivity study on the influence of the diffu-

sion coefficient over the expansion kinetics of the EPS micro-

spheres at 140 8C are summarized in Figure 9. As presented in

Figure 9(A), a higher growth rate of the EPS radius was found

to be with a lower diffusion coefficient. This was because the

bubble radius could reach a larger equilibrium value with

decreasing diffusion coefficient, as shown in Figure 9(B). As

shown in Figure 9(C), we found that the dropping rate of Pb

was lowered at a smaller diffusion coefficient because the diffu-

sion of pentane from the EPS matrix into the bubble slowed

down. For a similar reason, the variation of �c in the pentane/

polystyrene matrix also slowed down, as shown in Figure 9(D).

Figure 12. Sensitivity study of the influence of c0 on the (A) EPS radius, (B) bubble radius, (C) Pb, and (D) c in a pentane/polystyrene solution in the

numerical model (expansion temperature 5 140 8C).
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The influence of the variation of Henry’s law constant was very

similar to that of the diffusion coefficient. As shown in Figure

10(A), with increasing Henry’s law constant, we observed that

the radius of the EPS microspheres grew faster because the ulti-

mate radius of the bubble was increased, as shown in Figure

10(B). A lower Henry’s law constant was also able to slow

down the diffusion of pentane from the EPS matrix to the bub-

bles, as presented in Figure 10(C). However, it seemed that the

change in Henry’s law constant had a relatively limited influ-

ence over �c in the pentane/polystyrene solution, as shown in

Figure 10(D).

The results of the sensitivity study on the influence of the

power law pre-exponent constant over the expansion kinetics of

the EPS microspheres are shown in Figure 11. As shown in Fig-

ure 11(A), we found that the radius growth rate of the EPS

microsphere increased as the power law pre-exponent constant

was lowered because there was less resistance to the expansion

of bubbles. This was confirmed by the results of the bubble

radius growth, shown in Figure 11(B). Moreover, as the bubble

growth rate increased at a lower viscosity, the dropping rate of

Pb also increased, as shown in Figure 11(C). A shown in Figure

11(D), �c in the EPS matrix seemed to be less affected by the

variation of h.

The initial concentration of pentane in the EPS microspheres

was found to have a significant influence over the expansion

kinetics of the EPS microspheres. As shown in Figure 12(A),

because J(t0) increased when c0 increased, we found that the

EPS radius grew faster at a higher initial concentration of pen-

tane. However, because c0 did not influence the parameters that

controlled the diffusion of the gas, it had very limited influence

over the increase of the bubble radius and the decrease of Pb, as

presented in Figure 12(B,C), respectively. Similarly, as shown in

Figure 12(D), we found that c0 did not have much influence

over �c in the matrix of the EPS microspheres.

CONCLUSIONS

In this study, a general formulation was developed to model the

expansion process of the EPS microspheres. A semi-analytical

solution was first obtained on the basis of the simplified case of

a single bubble expansion in an infinite matrix. This solution

provides a relatively simple tool for understanding and optimiz-

ing the expansion process. R* and P�b were obtained as expo-

nential functions of t*. tc was able to characterize the timescale

of the expansion process. The equilibrated bubble radius was in

reverse proportion to Rc. The semi-analytical solution could

qualitatively predict the experimental results of the radial

expansion of the EPS microspheres obtained in a real-time

observation. However, this solution suffered from some unreal-

istic simplifications, including an infinite matrix, the exclusion

of pentane diffusion, and the constant viscosity of polystyrene.

To obtain a more accurate prediction of EPS expansion, a

numerical solution was then developed to the model that was

correlated with the nucleation and expansion of multiple bub-

bles in a finite matrix at various expansion temperatures. The

diffusion process of pentane and the rate-dependent viscosity of

the EPS matrix were considered. We discovered that the numer-

ical solution was able to quantitatively predict the expansion of

EPS microspheres. The temperature also played an important

role in determining the expansion kinetics. With increasing the

expansion temperature, the process could be considerately accel-

erated. Finally, a parameter sensitivity study was performed to

examine the effect of each parameter on the expansion process.

We found that the growth rate of EPS microspheres during

expansion could be increased with decreases in the diffusion

coefficient, Henry’s law constant, and h or increases in the ini-

tial concentration of pentane.
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